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introduction — special functions

definitions: special functions

m gamma function (Rez > 0) I'(z + 1) = 2I'(2)

I'(z) ::/ t*~le~tat
0

™

Euler reflection formula: T'(z2)I'(1 — 2) = —
sinmz

factorial: (forn € {0,1,2,...}) T'(n+1)=n!
I'(a+n)
I(a)

m digamma function — logarithmic derivative of gamma function

d
T (z) = T(2)u(2)

m generalized factorial function

qu ((ap); (bq); Z) — Z (all)n(GQ)n (ap)n Z_

n=0

Pochhammer symbol: (for n € {0,1,2,...}) (a),:=
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introduction — special functions

definitions — Bessel functions (unrestricted order v)

m Bessel function of the first kind

_ _(z/2)” AN A S GOk
o) = I‘(1/+1)0F1 vrli—7)= (2) nzz;)n!l“(l/—i-n—i-l)
m Bessel function of the second kind (Weber's function)
Y, (2) = cot(nv)J,(z) — csc(mv)J_,(2)
Yn(z) =1 8‘]”('2)‘ 4 (=1)" 98Ju(2)

T Ov B T v

v=—n
m modified Bessel function of the first kind
(2/2)" 2 A% L0k
R = () 2 () S A
v(2) I‘(V—I—l)o L\t 4 2 nzz;)n!f‘(l/+n+1)
m modified Bessel function of the second kind (Macdonald’s function)

K, (z) = §esc(mv)l_,(z) — csc(mv)l,(2)
Ky (z) = 5 ez (=1)" 81,(2)

ov T2 o

2 ov

v=n v=n
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introduction — special functions

associated Legendre functions P* Q" : C\ {—1,1} — C

(complex degree v order p)

m two (Gauss hypergeometric) functions — associated Legendre d.e.

d>w dw u?
(1_z)d2 —22d—+[ (1/—1—1)—1_Z2]w=0

m associated Legendre function of the first kind (|1 — z| < 2)
}%@*:ﬁﬁm[?ﬂ oFy (—vy v+ 151 — p; 152)

sl (&)gif(—z/wLn)F(l/%-l—i-n) (1—z>”

o ==l n!T'(1 — p+n) 2

m associated Legendre function of the second kind (|z| > 1)

T (4 p4-1 1)m/2 v 2 v 1
Q) = e R (S v 1 5 2)
ad I‘(ﬁ’;—%—n)I‘(—QL—{-n)

_ 1 i 2 1 L

= ¢ 2z 2

3¢ DY nT(v + 3 + n)z2n
n=0 2
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introduction — special functions

order derivative illustration for modified Bessel functions
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parameter differentiation — Bessel functions

order derivatives for Bessel functions

m Bessel function of the first kind

—&Ii”(z) = +J4,(2) log (E> F i(—l)m <f>iy+2m pEv+m+l)

v 2/~ 2 m!I(xv +m + 1)
m Bessel function of the second kind (Weber's function)
oY, (z) 0J,(2) 0J_,(2)
oy = COt(ﬂ'V)T - csc(m/)T — mese(mv)Y_,(z)

m modified Bessel function of the first kind
ol e v+2m 1
2 _Leee(3)- 2 () At
ov 2 — \2 m!I'(v+m+1)
m modified Bessel function of the second kind (Macdonald’s function)

0K, (z) T 0I_,(z) 0I,(2)
5, =7 cot(mv)K,(z) + 5 cse(mv) [ oy
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parameter differentiation — Bessel functions

Bessel function mirror symmetry about v = 0

m Bessel function of the first kind
J_u(z) = J,(2) cos(mv) — Y, (2) sin(mv)
m Bessel function of the second kind (Weber's function)
Y_,(2) = Ju(2) sin(nv) + Y, (z) cos(mv)
m modified Bessel function of the first kind
I(2) = L(2) + %K,,(z) i)
m modified Bessel function of the second kind (Macdonald’s function)

K_,(2) =K, (2)
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parameter differentiation — Bessel functions

order derivatives for Bessel functions (zero-order)

Derivatives of Bessel function with respect to the order evaluated at
integer-orders is given in §3.2.3 in Magnus, Oberhettinger & Soni (1966)
m Bessel function of the first kind

[%@@Lﬂzgmw

m Bessel function of the second kind (Weber's function)

[iy<iﬂ=—§ma

m modified Bessel function of the first kind
15)
—1 = —K|
)| ==K

m modified Bessel function of the second kind (Macdonald’s function)

e
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parameter differentiation — Bessel functions

order derivatives for Bessel functions (integer-order)

Derivatives of Bessel function with respect to the order evaluated at
integer-orders is given by (§3.2.3 in MOS (1966))

m Bessel function of the first kind

- = n—1
0 ™ n! (z/2)k—n
—Jy = —(£1)"Y,(2) £ (£1)"— —
) = FETE) £ UG Y e e
m Bessel function of the second kind (Weber’s function)
25| T () (e 5 E
— Xy = — = n VA —_ —_—
o )T T2 2 e ln—k) "
m modified Bessel function of the first kind .
[0 il = (=22
—1I, = (-1)"*"K +— —t ]
9, = O£ 5 G e
= modified Bessel function of the second kind (Macdonald’s function)
(o) S G
—K,(z =) o Kk
I(n —
ov yedn 2 &~ kl(n — k)
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parameter differentiation — Bessel functions

order derivatives for Bessel functions (half-integer)

Derivatives of Bessel function with respect to the order evaluated at
half-integer-orders is given by (§3.3.3 in MOS (1966))

m Bessel function of the first kind

-%Jy(z)- == [{fﬁ;i } Ci(22) T {::’;j} Si(2z)]

Jv=x1/2
m Bessel function of the second kind (Weber's function)

5] =2 (s e+ (o 502 -]

= modified Bessel function of the first kind

[© L resgi— z) F e *Ei(2z
e )Lﬂ/f‘/% [ Ei(~22)  e"Ei(22)]

m modified Bessel function of the second kind (Macdonald’s function)

[0 s
K, = =] —*Ei(—
_‘9VK (Z)] v=+1/2 Ve =5
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parameter differentiation — Bessel functions

order derivatives for Bessel functions

00 o=t
exponential integral: Ei(z) := —/ Tdt

—Zz

m order derivatives at half-odd integer orders

[%Jy(z)} = Gi(22)nt12(2) — (—1)"Si(22)T_n_1/a(2)
v=1/24+n

n—1
n! (z/2)F" n‘\/ﬂz 2/z
2 2 kl(n— k) Tit1/2(2) - Z *)lk Z

X [Jn—k—l—l/Q(z)‘]p—l/Q(QZ) - (=" i ka—n—1/2( )J1/2—p(2z)]
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parameter differentiation — associated Legendre functions

parameter differentiation for associated Legendre functions

mw=PFP':{zeC:|z-1]<2} >C

. £ oo
P“’(z) = —M (il) 2 T'(—v+n)L'(v+14n) (1 — Z)n
n=0

v P -1 n!l(1—p+n) 2
_ THD(Ltvtp)  p- ilel
Qu(z) = _2s7irn(wu)F(llerliu) Py (2) + 2;fl(w) Py (2)

muwy=0Q,:{2€C:|z|>1} - C

) vtpt2 +ut1
Qﬁ(z):leiwu(22_1)%zr( 2 +n)I'(Z 5 +n)
2 nl'(v + 3 4+ n)z2"

n=0
PU() = iflale) - et L )
AP} (2) 0QL(2) AP} (2) 0QL(2)
Id lik f -
m would like R wa and o o or z € C\{-1,1}
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parameter differentiation — associated Legendre functions

domains in C: P/
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parameter differentiation — associated Legendre functions

general degree derivatives for associated Legendre functions

m general degree derivatives for {z € C: |z — 1| < 2}
%Pﬁ‘(z) = meot v Py (2) — LAL(2)
2 Qb(2) = meot(mv) QL (2)
2;5:;)(;&3““ [W(1+v—p) = (1 4+v —p)] B H(2)
ZSiLZZZ)(IE?_II:/@u) A M(2) - 281:17;:;1,) AL(2)
QU2) = —TP2) + mroemr @ (2) — §cot m(v + )AL (2)
(=

sin(mv) sin 7 (v+p)
+3 csem(v+ p)AL

Yo

p OO
Al(2) = sin(r) (£5) 7 30 BRI ) pi-va] (155)”
n=0

Pll(~2) = e¥™PY/(2) — 2e7 ™ sin[r (v + p)]QU (=)
Q;VL(_Z) _ —eiiij‘IL/L(z)
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parameter differentiation — associated Legendre functions

general order derivatives for associated Legendre functions

m general order derivatives for {z € C: |z — 1| < 2}

0 1 z+1 1

ZPH() — —RBH

- Pl(2) = 5 Pi(z)log 25 — ~Bl(2)

0 T v e —
5-QU(2) = — o (L + v+ ) + (L + v — )] P (2)

+7fi — cot(mp)|Qb(2) + & 5 log Z% “H 1Q0(2)

C(4v+p)e’™ - iri
+ TR B E (2) — g B (2)

po 241\ 2 X Tw+n+1)n—p+1) (1—2z\"
By (2) = sin(mv) (z—l) zz:onlf‘(u—n—i—l)l“(n—u—i—l)( 2 )
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parameter differentiation — associated Legendre functions

general order derivatives for associated Legendre functions

m general order derivatives for {z € C: |z| > 1}

0
5-QU(2) = fim+ 5 log(: — DJQL(:) + 1CLE)
0

aPﬁ( z) = [im + QIOg(Z — D]P)(2)

+cos(7w [ _WVQ#( )+eiij#u 1(2)]
+irsostry Si[T(v + w)]CL(2) = sinlr(v — w)]C~,_; (2)}

Cl(z) = e™(22 — 1)

o
P(H*2 4n)D(245* +n) +pt2 +putl
x Z Z!F(y+%+n)z22n [U’(V g +n)+ 1/;(1’_2L + n)]
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parameter differentiation — associated Legendre functions

general degree derivatives for associated Legendre functions

m general degree derivatives for {z € C: |z| > 1}

1 1

2 Qi() = 3C4() — 2Di()

0 e~ cos(m
o P() = T [02(:) - @2,y (2]

gy {sinlr(v + 1] CE(2) — sinl(v — W], (=)}

4 cos(mv

— sty {sin[r(v + WD (2) — sinfr(v — w)]DX,_, (2)}
S n > N 2 v | T e Y
Di(s) = e - ) 3 Mtk
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parameter differentiation — associated Legendre functions

What are these A¥(z), BX(z), C!(z), D¥(2)?

m most likely independent set of 2 functions

m derivatives with respect to parameters of 2 F(a, b; ¢; z)

3 (azﬁgz_’znwa +n) =Y(a)2Fi(a, b;c; 2) + %QFl(a, b;c; 2)

n=0

o

a)n(b)nz" 0

Z Mw(c +n) =Y(c)2F1(a,b;c;2) — —aFi(a,b;c; 2)

= n!(c)n Oc

m Brychkov & Geddess (2004) “Differentiation of generalized
hypergeometric functions with respect to parameters does not, in

general, lead to generalized hypergeometric functions”

m Ancarani & Gasaneo (2008,2009,2010) compute derivatives with
respect to parameters of ,[, and show relation to Kampé de Fériet
double hypergeometric series
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parameter differentiation — associated Legendre functions

differentiation with respect to parameters of Gauss

hypergeometric functions in terms of Kampé de Fériet
multiple hypergeometric series

0 291 [a+1,b+1:1,a;1;
—oFi(a,b;c;2) = —F5 7 )
6(12 1(&, 7672) c 2:1;0 276_’_1:@_’_1;_;22

0 b _o.9. L,b+1:1,¢1;
_QFI(G/,b; ¢ Z) _ _QFQ..Q.,I |:a T ) e 7 & ,Z,Z:|
C b

0 c2 2,c+1:c+1;—;
gk | (@p) © (bg); (e i 1 () [ () [T (40)s 27 Y
kmin (OZZ (/Bm), Sy H] 1(@))rts H] 1(Bj)r H;’L:1('Yj)s r! sl

2 (@) (b)n2" 2b 994 [a+1,b+1:1 a,l,
nzz% nl(c)y Ylatn)=v@:Filebont+— c Fato 2,c+1l:a+1;— =
o0

(a)n(b)n2" zab 901 la+1,b+1:1,¢1;

S A =(c ab:c:z F /
r;) nl(c)n Y(etn)=p@:Rlaben) 5 e IS R e
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some particular cases for Legendre functions

Szmytkowski's formulas (see Szmytkowski (2009))

+2¢(2p+1) —Y(p+ 1) —¥(p—m+ 1) B"(2)
I i 2k + 2m + 1
+ (P Z (_1)k(p—m—k)(p+m+k+1)
E!(p 4+ m)! m
k+2m)!(p—m)!] Piiim(2)
! 2k + 1
(p—k)p+k+1)

S
S
_|_
2

~1)* B (2)

where p,m € {0,1,2,...} and 0 <m <p
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some particular cases for Legendre functions
Szmytkowski's formulas

Some special cases include for m =0

5P| = BEDET 206+ 1) - b+ D B()
v=p
= 2k + 1
+ AP DG e )
and for m =p B
[ 9 p » z+1 »
2P| = Pp@os T+ 26+ 1) — v+ D)+ )
= 2%k + 1 .
'kz:;) G-RprkrD F O

where v ~ 0.57721566 is Euler’s constant
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some particular cases for Legendre functions

Application of Szmytkowski's formula

Recently | proved:

im(v+d—1)/2 (d=2 (v+d-1)/2
HX o X/”V — € V( 2 ) ( <31 o7
\/_F (=%) (rr')
d (1— i ~)/2 2 4+ 7\ /21
for x,x’ € R? with r = ||x||, ' = ||x/||, and r< = i £ 7'}, then using
1 2 R |} 2 R 2p1 R
im ——[|x — x'[|” = [[x — x'[|*log [|x — x|

—0 Ov

and Whipple's transformation of Legendre functions to obtain a
Gegenbauer expansion for singular logarithmic kernels associated with
fundamental solutions of the even-dimensional polyharmonic equation in
Euclidean space
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some particular cases for Legendre functions

Cohl's formulas (see Cohl (2010,2011))

In the sequel m,n € {0,1,2,...}
T 1

('/qc—m-l'%) [ip#_l 2(2)]
I'(v—m+3) [Op " / p=tm

1
- QL”_l/g(z) +9 (vFmt 3) PRy
k m(ZQ 1)(k m)/2 i
+m! Z 2k M1l (m — k) Pv+k—m—1/2(z)

F(Vq:m-l-%) [i L ()]
F(V—m—i—%) op “v-1/2 jimtm

=lir+y(vFEm+ l)] QT_l/g(Z)

1km21(km)/2

(=
'Z (m— k)zk m+1 Ql]f+k—m—1/2(z)
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some particular cases for Legendre functions

Cohl's formulas (see Cohl (2010,2011))

In the sequel m,n € {0,1,2,...}

0
n—1 n! w—n+ 1/2) (22 _ 1)(nfk)/2 ok
z;)r M+n—2k+ ) kl(n — k)2k-n+1 15—1/2 (2)

|: v— 1/2

T in 1 2 ~1/4 n Z
[ (o 2) 5 ()

S G M
put+k—mn
in'z 9k— n+1k|( k:) k—1/2 (z)
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summary

Future work in this classical area of Legendre functions

m organize the known results, which are scattered, for parameter
derivatives in particular cases

m find connections and pursue properties of A% B! Ct D functions
= study multiple derivatives with respect to parameters

m investigate anti-derivatives with respect to parameters
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